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where the 3f and I parameters are tabulated in Table 2.
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A Simple Description of Combined Precession and Nutation in

an N-Member System of Coaxial, Differentially Spinning Bodies

Dowarp J. Liska*
Unaversity of California, Los Alamos Scientific Laboratory, Los Alamos, N. Mex.

The spin axis motion of an n-body, coaxially-mounted cluster of differentially spinning
bodies is analyzed. The description of this motion is made as simple as possible by linearizing
the coordinate transformation equations. The resulting motions are then restricted to 10°
or so (an acceptable assumption for many applications). The epicycloidal motion is dis-
cussed by means of computer plots for different values of momentum, inertia, and torque.
Equivalent single bodies with dynamic responses similar to the coaxial system are described.
A simple graphical method can be used to plot the spin axis motion for all cases.

Nomenclature
z,y,2 = coordinates of body to which torque is applied
wrwy = ¢ and y axis angular rates of body of z,,2 coor-
dinates
¢ = spinrate of body with z,y,2z coordinates
A = transverse inertia of body with z,y,z coordinates
C = axial inertia of body with x,y,2z coordinates
H = angular momentum of body with z,y,z coordinates
A, = transverse inertia of rest of system
H. = spin axis angular momentum of rest of system
H, = total spin axis angular momentum
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*Professor.

T = torque applied about =z axis of body with z,y,?
coordinates

Tzr,Tyr = reaction torques about z and y axes

A8,Au = spin axis angles of deviation relative to inertial space

iy = time duration of torque application, measured from
ZEro

¢ = time variable for all cases

@e = gpinrate of equivalent body

Rr = radius of fixed circle in graphical method

Rr = radius of rolling cirele in graphical method

Introduction

HE usefulness of a first-order linear analysis in under-
standing the basic characteristics of motion of spinning
bodies in space has beeen well demonstrated. In particular,
such an analysis can be used to describe the spin-axis motion of
a cluster of symmetrical bodies, coaxially mounted, and spin-
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Fig. 1 A system of coaxial

differentially spinning bodies

with torque T applied to body
k.

ning at different speeds in either direction, when the system is
acted upon by a torque vector spinning with any one body of
the system. This sort of dynamics problem has become of in-
terest with the introduction of dual space system concepts in-
volving coaxial, differentially spinning stages for such purposes
as housing an instrument package on a despun or slowly spin-
ning stage while benefiting from the stability provided by an-
other stage with a higher angular momentum content.!~*

This paper describes the relationship of the spin axis of an
n-body coaxial system to a fixed point in space as a torque is
applied to any one body of the system. It is shown that the
spin axis traces an epicycloid in space. The number of cusps
in this epicycloid is shown to be a funetion of the spin rate of
the body being torqued and the nutation rate of the over-all
system. Expressions are derived for the maximum nutation
amplitude following a given torque period, the net attitude
change resulting in the spin axis following nutation damping,
and the torque angles which result in maximum and zero
nutation. The epicycloid is shown to reduce to a cardioid
for a single body with an axial to transverse inertia ratio equal
t02.0.  An equivalent single body is deseribed which produces
the same motion as the coaxial-differentially spinning system
if a torque is applied at a rate other than the spin rate. Alter-
natively, a fictitious single body not restricted in inertia ratio
by the limits 0 and 2.0 can also duplicate this motion. Nu-
merous computer plots are shown to clarify the subtleties of the
motions with different combinations of system parameters.
A simple graphical method is deseribed which can also be used
to plot the spin axis motion for all cases.

Problem Description

A linear analysis will be made of the system shown in Fig. 1.
The assumption is made that all n bodies are symmetrical
about the spin axis; that is, their individual mass distribu-
tions are such that the transverse inertia of each body is the
same for all axes which intersect the spin axis in a plane per-
pendicular to the spin axis. This also necessitates that the
mass center of each body lie on the spin axis. The torque is
applied to only one body of the system, and it is fixed relative
to that body. The coordinates of this body are z,y,2. The
torque is a step constant, applied at time zero for a duration {,,.

The conversion of angular rates in body coordinates to angu-
lar motions in inertial coordinates is made by means of the co-
ordinate transformation in Fig. 2. The interpretation of these
inertial angular motions is made with the rectangular grid
shown in Fig. 3 where A6 and Ay are restricted to small “‘an-
gles,” i.e., less than =10°, for which the analysis is sufficiently
accurate. The initial condition is stable spin about the iner-
tially fixed reference axis, i.e., zero initial angular rates in
either the A or Au directions.

Since the torque vector is attached to any body of the sys-
tem, it does not matter if the z,y,2z coordinates of this body
pass through the center of mass of the system. In general
they will not. The rotational motion occurs about the system
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center of mass in either case for a free body and the angles
computed are the same. If the torque is not a pure couple,
small translational motions will oceur which again do not in-
fluence the rotation.

Equations of Motion

The equations of motion are derived from Euler’s equa-
tions. These are written for the body which carries the torque
vector and which rotates at an angular rate g,

Ty + Tip = Aw, + (C — A)pw, 1)

Ty = Ao, — (C — Ad)pw, (2

Where a symmetrical mass distribution about the rotation
axis has been assumed for all bodies in the system. 77, is the
torque applied directly by the motors and 7. and Tyx are
and y axis reaction torques between body 7 and all the other
bodies of the system. These other bodies can be looked upon

as a composite gyro rotor which precesses in space due only to
the reaction torques applied by the torquer body,

—Tr = H = d/dt(Aewile + Ayl + Hod.) =
Aol 4 A, 8y + Acwn(d X dz)
CAw,(@ X @) + Hold X 6 (3)
Expanding Eq. (3) gives T,z and Tyg,
Tin = —Au, + A, — How, 4)
— Adewep + Hows (5)

Substituting into Eqgs. (1) and (2) gives the equations of
motion in body coordinates

TyR == ‘—;16be

T, = Aw, + (Hy — Ad:0)wy (6)
O = Astby - (1]0 - Asgb)wx (7)
where A, = A+ dc=4+ A+ A0+ ... + A, + M2+
M2+ ...+ M,L2E = total transverse moment of inertia of

the system measured about the center of mass.

Hy=Cop+ H,=Cop+ Y. Cip;

i=1

equals total angular momentum of the system measured about
the spin axis.

APPLIED TORQUE
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Fig. 2 Coordinate transformation diagram with torque
T, applied about the x-body axis.
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Period of Torque Application (0 < & < t;)

At the instant the torque is applied the coaxial svstem is
assumed to be spinning without nutation. The solutions of
Eqgs. (6) and. (7) for this initial state of stable spin, i.e., w,(0)
= 0,(0) = w,(0) = @,(0) = 0, are

w: = (T./4.8) sinft ®)
w, = (T24:8) (1 — coskt) ©)

where £ = ([[,/4.) — ¢.

The next step is to express these angular rates in terms of in-
ertial coordinates by means of the following coordinate trans-
formation equations derived from Fig. 2.

we = fsp — Lsbeo, w, = Ocg + usbse (10)

where s == sin, ¢ = cos. At this point, the problem is linear-
ized by restricting increments of the transformation angles 8
and p to be small. By this means simple solutions reasonably
accurate up to about 10° are obtained. The angle 8 is al-
lowed a small deviation Af about 90° rather than 0 © in order
that sin # = 1. The angle u deviates Au about °0. Thus,
Eqs. (10) become

w: = Os¢ — peo, @, = feo + fse (1

Upon substituting into Eqs. (8) and (9) and integrating, ex-
pressions for the incremental changes in 8 and w, valid during
the period of torque application, are obtained

Al = —(T./ 4 [(A/Hys(Ho/ ANt — (1/@)set]  (12)

Ap = (Te/oHo) + (Te/AE) [(A/Ho)e(Ho/ At —
(1/@)ept]  (13)

Period Following Torque Application (¢ > t,)

The post torque period is defined by ¢ — ¢, > 0. At the
time of torque termination ¢,, the values of w,, and w,,
are found from Eqs. (8) and (9). The transformation equa-~
tion, Eq. (11), accounting for the rotation of the z-y coordi-
nates through angle ¢t, during the torque period becomes

lwept(@ln) — w,p8(@t,)]e(@t) — [weps(@ts) +

wypc(@ty) Is(et) = Os(et) — pelet) (14)
[wxps(ﬁbtp) -+ wypc<¢tp)]c(¢t) -+ [wxp0<¢ip) -
wyp8(pt,) Is(@t) = Bolgt) + pslet)  (15)

By integrating these equations, the following expressions are
obtained for A8 and Ay, valid during all time following shut-
ting off the torque:

T:c . Tz HO HO
AG = — s o - Ho ) _
¢H0¢zp+nog[<< Etp+Axt> SAgt:' (16)

T, . T, H, H,

T e - - S0y e
I (MO( @t ,) HoE [0< &, + 1 t> (Ast]
(17)

While Eqgs. (16) and (17) are again reasonably accurate only
up to 10° or so, the post-torque period angular rates in body
coordinates may be found rigorously. This is done by using
the initial conditions at ¢ = ¢, and again solving Euler’s
equations:

T:c . 0 .
T {{@ - %) b+ sé} sty + st)} as)

T. . 1o
@S =T {cwp + &) — c[<2¢ — [71—>tp + gt}} (19)

<lg
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Fig. 3 Relation of the geometric spin axis to the inertial
coordinate frame Af-Ap for small angles.

Trace of Spin Axis

In the foregoing equations, two distinet angular frequencies
are evident; ¢, the spin rate of the body which is applying
torque to the systemn and Ho/ A, the nutation frequency of the
overall system. Nutation is a measure of the excess angular
kinetic energy in a system, or mathematically, a misalighment
of the angular momentum and angular velocity vectors. If no
external torque is applied to the system, the angular mo-
mentum vector remains fixed and of constant magnitude in in-
ertial space. If the system nutates, excess rotational kinetic
energy is present which can be dissipated passively, i.e., by
conversion of the excess energy to heat through friction, and
the body will then spin without nutation about an axis aligned
with the momentum vector. Thus, nutation damping is in-
herent in any dissipative system as the system tends toward a
minimum energy state in measure with its momentum.

The motion of the tip of the spin axis in inertial space is a
combination of spin and nutation and has all the properties of
an epicyeloid as long as the torque is applied. This is shown
in Fig. 3. When the torque is cut off, circular nutation mo-
tion takes place and the spin axis traces out a conical path
about the now stationary momentum vector. Specific char-
acteristics of these motions can easily be derived.

1) Circular motion of the momentum vector. The tip of the
momentum vector moves in a circular path when 7', is held on
and constant. This path always interseets the origin for the
initial eonditions used in the above derivations. This path
is defined by the steady-state parts of Eqgs. (16) and (17):

A6 = (To/eHosot, Ap = (Tu/pHo)(L — egt,) (20)

This defines a point moving about a cirele of diameter 27, /¢H,
with a frequency ¢ and passing through the origin each cycle.
The momentum vector thus moves at the same speed that the
torque vector rotates and stops moving at the instant the
torque is shut off. If the instantaneous angular veloeity vec-
tor is not aligned with the momentum vector at this instant,
the body will then nutate about the position defined by Eqgs.
(20) at t,. If dissipation is present, this nutation will ex-
ponentially decay until stable spin around the momentum vec-
tor is achieved.

2) Nutatton cusps Nutation amplitude at any time is
found by subtracting the momentum vector position given by
Eqgs. (20) from the instantaneous spin axis position during the
torque period as given by Eqs. (12) and (13). The amplitude
is found from the rss of this difference for each axis

deviation at time t, = — (T./Ho§) (2 — 2ckt,)V? (21)
maximum deviation = |27,/H,¢|rad (22)
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Fig. 4 a) Cardioid motion for *‘thin disk’’ configuration;
b) motion of nonnutating ‘‘spherical’”® configuration.

This frequency of this deviation is the difference between the
nutation rate and the spin rate. The number of cusps of nuta-
tion can thus be found by dividing this difference by the spin
rate.

1 — (Ho/eA)|  (23)

where the absolute value is taken to avoid confusion when
Ho/@A, > 1, although this certainly influences the number of
cusps.

8). Angles of zero and mazximum nutation For attitude
control purposes, it is useful to know the torque angles ¢t,
which result in zero nutation, i.e., the points at which the
angular velocity and angular momentum vectors are instan-
taneously aligned. From KEq. (23), zero deviation occurs
when

1 — cbt, = 0, 0r ét, = |nm/[(Ho/Ai)

cusps per cycle = |&/¢| =

—1l,n =
0,24, ... (24)
Similarly, maximum deviation occurs when
= |nw/[(Ho/Asp) — 1], n = 1,35, ... (25)

With Eqs. (20-25), all of the important characteristics of the
spin axis motion for any set of coaxial system parameters can
be computed.

Coaxial System Interpreted as an
Equivalent Single Body

Before proceeding with sample solutions of the equations, it
is useful to consider what is involved in interpreting the coaxial
system as an equivalent single spinning body. If the rota-
tional rates are the same for each member of the coaxial sys-
tem, then the response to the applied torque will be exactly
the same as for a single rigid body. In this case, Hy = (C +

C, + C: 4+ ... + C,)¢ and the nutation frequency is (C +
C. + Cy + ... + Ce¢/As  Obviously, the inertia ratio
(C 4+ Ci+ Co+ ... + C,)/A, lies, in this case, between the

limits of 0 and +2, for if the bodies were mounted on an ex-
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tremely long shaft, the radius of gyration would make 4, >»
C total and the ratio would approach zero in the limit. If, on
the other hand, the system is very compact with a relatively
small radius of gyration and the bodies are all thin discs, then
4, =~ 0.5 C total for which the inertia ratio never exceeds +2.
In the first case, the system possesses no gyroscopic stability
and it responds as a static body of transverse inertia A, to a
torque vector rotating at angular rate ¢. In the second case,
the system will respond as a cardioid, where zero nutation
oceurs at ¢f = 0, 2r, ... and maximum nutation at ¢f = 1,
3m, .... For the cardioid, the nutation circles will always
pass through the origin regardless of ¢,.

A more general interpretation is possible which places no
restrictions on the spin of the various members of the coaxial
system. In this case, the torque vector still rotates at speed
@, but it acts upon an equivalent body which rotates at a dif-
ferent speed ¢.. If this equivalent body is assumed to have a
spin inertia equal to the arithmetic sum of the spin inertias of
the coaxial members and its spin momentum is required to be
equal to H,, the spin rate must be

>] e (26

w-[(+ 59/ 0+ 5

The speed of the equivalent single body, therefore, lies be-
tween the speeds of the coaxial members, and its value is de-
termined by the weighted mean of angular momentum. If now
this body is acted upon by a torque which rotates vector wise
at the speed ¢, the spin axis motion of any coaxial system can
be duplicated.

Still a third interpretation requires that the equivalent
single body have the same nutation frequency and angular
momentum as the coaxial system. If the equivalent body is
assumed to spin at the reference rate ¢, then the equivalent
inertia ratio must be

carfe 5

It can be seen that if no restrictions are placed on the spin
speeds in Eq. (27), the equivalent inertia ratio must be allowed
to range from — to +%. This is a peculiar situation, because
it implies that this equivalent body can have a nutation fre-
quency greater than twice the spin rate. Of course, this is not
physically possible, so for any “real’” body a speed restriction
must be placed on ¢ as follows:

24, . n C;(pj
¥ <o < C’ Z“C’ (28)

=1

Equation (28) is merely a formalization of the rule, 0 < C./A.
< 2. Thelower limit in Eq. (28) represents the point at which
total system momentum is zero which may result from counter
rotation in the system. Further counter rotation would make
momentum negative relative to ¢, but this situation cannot be
duplicated by the equivalent body. The upper limit is where
the nutation frequency equals 2¢ and a further increase in
momentum again produces motions which cannot be dupli-
cated by the equivalent body.

Although the interpretation of a “real” equivalent single
body must be restricted in this manner, the concept of a theo-
retical body with —* < C',/4, < +° will be useful in explain-
ing the examples to follow and deseribing a graphical method
of tracing spin axis motion for any set of coaxial system pa-
rameters.

Sample Solutions of the Equations of Motion

Let us first consider a system with a total transverse inertia
about the center of mass, 4; = 47,500 ft-lb-sec?. Let the
spin rate of the body to which the torque vector is affixed be ¢
= 0.1 rad/sec. Assume these two parameters to be fixed,
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and vary Ho, T., and t,, in order to study the different mo-
tions involved.

case 1: 0 < Ho < +9500 ft-lb-sec (0 < /A, < 2)

For this range of spin axis momentum (net [y in same direc-
tion as ¢), the coaxial system will respond as a “real” single
body which varies in shape between a thin rod and a thin disk.
In Fig. 4a is shown a cardioid corresponding to the upper I,
limit. Interestingly enough, exactly the same pattern is also
obtained for Hy, = +2375 (C./4. = 0.5), but in the latter case
the spin axis sweeps out its pattern at half the speed because
the nutation frequency Ho/ A, is half as great. In both cases,
the nutation circles pass through the origin as stated earlier,
regardiess of when the torque is terminated. When H, =
4750 (C, = A,), gyroscopic stability is lost and the system re-
sponds to the torque as a sphere would with every increasing
divergence of the “geometric’’ spin axis in a spiral path (within
small angle limitations). In this case, the system does not
nutate when the torque is shut off. The geometric axis pro-
ceeds to move about the terminal position of the momentum
vector in a perfect circle which implies that the body is spin-
ning without nutation about the momentum vector, i.e., ,
the total angular velocity vector, is aligned with H, the total
system momentum vector. This situation is shown in Figs.
4b and 5.

If I, is reduced to nearly zero, the radius of the circular
path of the momentum vector becomes very large by Eq.
(20). Whatever value it assumes for a small but nonzero H,
the maximum deviation of the spin axis from the momentum
circle approaches twice this value, and the number of nutation
cusps approaches 1. Thus, the body will diverge on a closed
path of immense size.

case 2: Hy > + 9500 ft-lb-sec 2 < C/A. < +7)

This range of H, produces motions not possible with a single
body having an ‘“attached” torque vector. The motion is
more complex in this case, but it can easily be predicted by
means of Egs. (20-25). For instance, let Hy = 21,000. Then
the following are computed:

nutation frequency: Hy/A; = 0.442 rad/sec
maximum average spin axis displacement:

|2T./¢Ho| = 5.44°
number of nutation cusps = |l — Hy/pA,| = 3.42/cycle
zero nutation torque angles =
¢t, = Inm/[(Hy/Ap) — 1] = 0°, 105.2°, 210.4°, 315.6°,
oon =024, ...

DURING TORQUE

A0 - SPIN AXIS FOLLOWING
e TORQUE

Fig. 5 Spatial response of a nonnutating (spherically
configured) system.
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Fig. 6 Theoretically predicted angles in a system with
torque termination for which C,/4, > 2.

maximum nutation =
¢ty = |nm/[(Ho/Awp) ~ 1]] = 52.6°, 157.8°, 263.0°, . ..
n=135...
maximum nutation amplitude is
2T/ Hole — (He/A,)] = 1.59° (nutation circle diam
= 3.18°)

The computer solution for this case is shown in Fig. 6, and it
is seen that the foregoing caleulations are verified. In Fig. 6,
t, is adjusted to give the maximum nutation amplitude by
shutting off the torque at ¢t, = 263.0°. The resulting
nutation ecircle has a radius of 1.59° and is centered on the
5.44° diameter momentum vector cirele.

If the system is “stiffened” by spinning up the stages to in-
crease Hy to 437,000, the number of nutation cusps is calcu-
lated to increase to 6.79/cycle, with nutation circles of maxi-
mum diameter equal to 0.912° centered on a momentum vec-
tor circle 3.1° in diameter. This situation is plotted in Fig.
7a. Similarly, when the system is “‘softened” by spinning
down the stages, the number of nutation cusps per cycle de-

- creases and all amplitudes increase as shown in Fig. 7b for

H, = +17,000. Again, all characteristics of the motion

4 N T T T ]
(a)STIFFENED
é =0l
2 A, =47,500 "
H, =37,000
T, = 100.0
o v
i =
L (b) SOFTENED 1
é =01 r
A, = 47,500
sl H, = 17,000 _|
& T, = 100.0
LY
o
3 6l
<
4+
2+
O.—
! | \ | !
-6 -4 2 ) 2 Py 6

A8, deg.

Fig. 7 “Stiffening”® and “‘softening’ a system for which
Cp/A, > 2.
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Fig. 8 a) Spin axis motion with nutation for a negative
momentum system C,/4, = —2; b) a “negatively”
stiffened system for C./4, <—2,

are entirely predictable by Eqs. (20-25).
case 3: Hy<0(—"<C,/A.<0)

The motion takes on a new form when the spin momentum is
made negative relative to the direction of spin of the torquer
body. Instead of nutation cusps forming outside the mo-
mentum vector circle, they now form inside. Consider the

Fig. 9 Graphical method for finding spin axis trace when
1 <Ce/d, <+

J. SPACECRAFT

!
i
|

Fig. 10 Graphical method for finding spin axis trace
—2 < CefAs < 1.

case of Ifp = —9500(C./A. = —2). Equations (20) reveal
that the momentum vector circle has a maximum displace-
ment from the origin of —8.44° and whereas for C./4, =
+2 (the cardioid of Fig. 4), Eq. (23) gave one nutation cusp,
it now predicts three. All this is seen to agree with the solu-
tion of the equations of motion as plotted in Fig. 8. In this
case, the nutation circles do not pass through the origin. In
general, the number of nutation cusps for negative spin mo-
mentum will always be two more than the number for positive
spin momentum. The same pattern of motion holds if the
system is “stiffened”” by spinning up the stages in the negative
direction as shown in Fig. 8b for Hy = —21,000. It is inter-
esting to note in these cases that while nutation frequency
Iy/A, is the same magnitude for positive or negative spin
momentum, it changes sign which gives rise to “retrograde”
motion for negative momentum and this results in more ac-
tive nutation and more nutation cusps.

Thus, to a linear approximation, the spin axis motion of
any symmetrical coaxial system makes sense and can be logi-
cally predicted. It might be expected that such motion could
be plotted by a simple graphical technique and such is indeed
the case as will be described next.

Graphical Solution of Coaxial System Motion

Since the linearized spin axis motion of the coaxial system in
inertial space has been shown to be an epicycloid, a total de-
scription of this motion can be derived which simply involves
a fixed circle and a point on a rolling circle. Such a graphical
method is shown in Fig. 9. The initial conditions are the same
as for the derivations, namely stable spin about the axis
through the origin at ¢ < 0. The fixed circle is the momentum
circle defined by Eqs. (20). Itsradiusis Ry = T./¢Hy. The
radius of the rolling circle is just half the maximum deviation
from the momentum circle found in Tq. (22), or Rz =
|T./Hok|. These circles are initially aligned as in A-A of
Fig. 9, and the size of the rolling circle is related to the size of
the momentum circle by Rr/Rz = |£/¢|. As the system mo-
mentum inecreases, the rolling circle becomes smaller and
smaller relative to the momentum circle and the number of
nutation cusps correspondingly increases. The number of
cusps is equal to the circumference ratio or Ry/Rr which in
turn is seen to agree with Eq. (23).

It was shown in the previous section that an equivalent
single body unrestricted in inertia ratio can duplicate the
motion of any coaxial system during the period while the
torque is applied. This analogy will now be used to show
how the graphical method applies to any set of coaxial system
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parameters.
casel: +1 < C/A. < +*

This case covers the range from an equivalent body of spher-
ical Inertia distribution (C. = A.) to one which nutates in-
finitely faster than it spins. In this range, the momentum H,
is in the same direction as ¢. For this case, Fig. 9 applies and
the rolling circle lies totally outside the momentum circle.
The lower limit is equivalent to the condition that Ho/4, = ¢
or C, = A.. At this limit, the rolling circle is infinitely larger
than the momentum circle, and the spin axis continues to di-
verge as a spiral within the validity of small angle analysis,
because a spherical mass distribution which is spinning does
not generate gyroscopically stabilizing cross-coupling torques
[C = A inEgs. (1) and (2)]. For the same reason, the body
cannot be stabilized against body-fixed torques. As the sys-
tem momentum increases, the rolling circle diameter decreases
until, when the two circles are the same size, the familiar car-
dioid of Fig. 4 is formed. Further increase in momentum
reduces the size of the rolling circle to less than the momen-
tum circle and the number of nutation cusps increases in num-
ber as in Figs. 6 and 7.

case II: —*<(C/4.<+1

At the upper limit of this range, a transition takes place to a
rolling circle that includes the momentum circle as shown in
Fig.10. When C, = A, (I[,/A, = ¢), the rolling circle is still
infinitely larger in diameter and the same spiral as in case I is
formed. Then, however, as C.,/4.— 0 (an equivalent body
shaped as a long, thin wire, or a coaxial system with no spin
momentum), the circles again approach the same diameter
which become infinitely large and the spin axis follows the
momentum circle as torque angle progresses. This arises
from the fact that an ideally thin rod which spins about its
long axis cannot be gyroscopically stabilized against either
body-fixed or inertially-fixed torques. In this case, 4, is as-
sumed finite, and €, = 0. Now, when the spin momentum
goes negative and grows in magnitude, the rolling circle again
becomes smaller than the momentum circle and it rolls about
inside the momentum circle producing the peaked patterns
shown in Fig. 8. For a negative momentum as compared to a
positive, with A, and ¢ equals in both cases, the number of
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nutation cusps is two more for the negative case. This is
clear from Eq. (23) and also from the circumference ratio,

Re/Re = [§/¢].

Conclusions

A linear analysis has been used to describe the spin axis mo-
tion in inertial space of a system of coaxial, differentially spin-
ning bodies. The justification for a linear approximation is
two-fold: 1) specific parameters which describe the motion
are easily isolated and can be applied to any combination of
system angular momentum, moment of inertia and torque, and
2) for multispin spacecraft which are reasonably rigid and have
high enough angular momentum so that the spin axis motion
in inertial space is only a few degrees, a linear analysis is nor-
mally adequate.

The coaxial system can duplicate the motion of any single
body with a fixed torque of course, but it can also duplicate the
motion of a single body which is acted upon by a torque which
rotates about the geometric spin axis at a speed (and direction)
other than the spin rate. This and other useful “equivalent
body’’ concepts can be used to clarify the elements of motion
of seemingly complicated counter-rotating coaxial systems.

These fundamentals reveal that the coaxial system spin axis
motion possesses all the properties of an epicycloid which in
turn allows this motion to be readily deseribed in clear physi-
cal terms by graphical means.
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